We apply linear and nonlinear methods to study the properties of surfaces generated by a laser beam melt ablation process. As a result we present a characterization and ordering of the surfaces depending on the adjusted process parameters. Our findings give some insight into the performance of two widely applied multifractal analysis methods-the detrended fluctuation analysis and the wavelet transform modulus maxima method-on short real world data.
Introduction
The laser beam melt ablation (LBMA) technology was developed in the 1980s to overcome the limitations of conventional milling techniques. Among its main advantages are the possibility to process extremely hard or brittle materials and the non-existence of tool wear. The latter results from the fact that LBMA is a contact free machining process [1, 2] . The idea behind LBMA is rather straightforward: a high power laser is used to melt the material of the workpiece and the molten material is then blown out with the impulse of a gas jet. Unfortunately, the quality of the workpiece, in the sense of a smooth surface, declines rapidly with increasing ablation rates. The difficulty which arises from this simple setup is the complicated interplay between melt pool and gas jet. Furthermore, the impinging jet becomes turbulent and unpredictable; in the melt pool itself, complicated instabilities induced by temperature gradients and surface tension effects occur, and depending on the process parameters different periodic-like structures can be observed on the ablated surface. The mixture of these effects makes it very difficult to develop a physical description of the process. Nevertheless, due to the large industrial interest in this process, efforts have been made to overcome these practical limitations.
Experiments were performed by Cser et al [3] using a 5-axis CO 2 continuous wave laser (Trumpf L5000) which is excited by a frequency of 10 kHz, resulting in a maximum output power of 2.2 kW, focused on the material with the diameter kept constant at 0.3 mm. The gas jet of compressed air with a constant pressure of 2 bar comes from the nozzles fixed on the laser so that the jet is parallel to the laser beam (see figure 1 ). This was found to be a good compromise between the advantages and disadvantages of other possible process gases [2] . Figure 1 shows the setup of the machine as well as an example of a pronounced workpiece to illustrate the steps of the LBMA. We denote the points in the longitudinal direction with the index i and in the transversal direction with the index j . The process consists of two phases: the melting phase and the positioning phase. During the melting phase the workpiece is moved in the j -direction under the laser while the laser is working at full duty power; the surface is scraped through linear laser tracks, one track being about 0.3 mm wide, the diameter of the laser focus. When a track is finished, the laser power is reduced to a minimum (20 W) with no ablation and only minimal heating taking place. During this positioning phase, the workpiece is moved back and shifted 0.1 mm perpendicular to the ablated track in the i-direction so that every track is processed three times. The surface profiles of the processed workpieces were surveyed by an optical triangulation method (NanoFocus) with a resolution of 20 µm in the processing direction, 10 µm in the perpendicular direction and 1 µm in the depth direction. This results in an observational grid of about 1800 points in the longitudinal direction and 150 in the transversal direction.
In this paper, we use the following approach. In order to characterize the data sets and gain insight into the process, we start our analysis using linear techniques, such as the autocorrelation function (ACF) and power spectral density: the corresponding results are presented in the next section. This section also contains results from the probability density functions (PDFs) and the structure function approach, used to identify the fractal or the multifractal character of the surface profiles generated in the LBMA process. However, although the structure function's scaling can identify the multifractal scaling present in the process, it does not work for negative moments. Therefore, in section 3, we present a short overview on the concept of multifractality, before applying more advanced methods to estimate this property: the wavelet transform modulus maxima (WTMM) [4, 5] and the multifractal detrended fluctuation analysis (DFA) methods [6] . We use these two approaches to obtain the multifractal spectrum and study its changes with variation in the process parameters. We also compare the performance of the two different methods applied to short real world data, as recent results indicate that there may be important variations [7] . Finally, we discuss our main results and present some conclusions.
Linear analyses
The two probably most important process parameters are the average laser power P and the feeding velocity v of the laser beam with respect to the workpiece processed. For the surfaces analysed in this paper, v ranges from 2 to 9 m min −1 and P from 25% to 35% of the maximal nominal value, 2200 W. We used 17 parameter sets with three independent realizations for each one, 51 data sets in total. All samples used in these experiments were made of commercial low carbon steel (AISI 1008). A natural way to relate laser power and feeding velocity is by considering the line energy E l = αP /v, where α is the absorption coefficient of the laser radiation in the material, α ≈ 0.1 in our case.
By a visual inspection of the processed surfaces one can see structures which are more or less distinct for different processing parameters (see figure 2) . For low energy input into the material one achieves clean smooth surfaces but only very small ablation depths. If the energy input is increased, more material is molten and ablated. Unfortunately in this regime the surface gets very rough and ridges appear along the tracks. At very high energy input into the workpiece the melt pool gets larger and larger so that the impulse of the gas jet is not sufficient to remove the molten material completely. As a result a part of the molten material remains on the surface and joins together. In this regime the tracks cannot be distinguished anymore and complicated structures appear. One standard approach to an overall characterization of the surface is using the arithmetic mean roughness R a , which is simply given by the mean value of the profile heights [8] . This is also a measure of how much material is driven out on average. On the other hand, the standard deviation of the profile heights gives a hint of the surface quality: the smaller the standard deviation, the smoother and flatter the surface. Figure 3 shows R a versus the line energy E l . For moderate values of the laser power R a increases monotonously with E l . Moreover, for higher laser power more material is ablated than for smaller laser powers at the same line energy. There is just one exception to this general behaviour, in the case of the highest laser power used. For high laser power and moderate feeding speeds the roughness decreases again. There are two possible reasons which could be responsible for this behaviour. On the one hand, initial evaporation processes consume more energy and therefore the laser can melt less material. On the other hand, the higher laser power melts more material which cannot be removed completely by the gas jet. The remaining melt leads to a smoothing of the surface. This is not completely understood however and requires further experimental investigation.
The error bars represent the standard deviations of R a and show roughly the same dependence on R a : they increase with the line energy and with the laser power. This is consistent with what one observes by visual inspection of the surface quality.
In order to see if there are periodicities along the ablation tracks we calculated the ACFs:
where S i,j are the measured heights of the whole surface, σ 2 S their variance, s a space lag and N the number of points. In figure 4 the average over i is shown. It can be seen that the ACF decreases within 0.5 mm below 1/e; therefore there is either no clear periodic structure or it is at least hidden by strong stochastic influences. Not shown here is the ACF of the height differences S = S i,j − S i,j −1 . They drop immediately thus showing the characteristics of white noise. An important question in order to develop a process model or an online-control is how much does the structure of the previous tracks influence the following ones. The simplest check is to calculate the correlation coefficient
between the heights of the mth and nth track. This already reveals interesting insights into the arising surface structures which can be verified by visual inspection. The right panel in figure 4 shows the result for some different line energies. For a broad range of process parameters one can clearly see a periodical pattern with a wavelength of 0.1 mm. These clearly correspond to the ablation tracks. The correlation length is 0.2-0.3 mm which is the expected result due to the overlapping of the tracks. For very high line energies pattern formation processes set in and the correlation length increases. The tracks cannot be distinguished anymore. This is easily understood by the fact that the evolving structures become larger and form expanded 'blobs' on the surface. The next measure we looked at were the PDFs of the fluctuations at different scales. These are simply histograms of the height differences
where s is a space lag. We will also refer to s as the scale. As shown in figure 5 , the PDFs present fat tails. This is a sign of intermittency frequently found to be related to multifractal processes [9] . Another way to see multifractal behaviour, the so-called structure function approach, is to look at the scaling of the correlations for the height fluctuations against the moment order q
For s → 0, α may be determined from the initial slope of ln G(q, s) versus ln s. When α is the same for all q, the surface is said to be fractal, otherwise multifractal [10, 11] . From the linear analyses we see that the frequently used parameter line energy is not sufficient to characterize the evolving structures on the surfaces. The correlation functions give us a first ordering scheme. In the transversal direction we can clearly distinguish the ablation tracks in the regime without pattern formation. In the pattern formation regime this periodicity vanishes, so that we have a criterion to distinguish between certain process regimes. In the longitudinal direction the linear analysis detects only very weak correlations pointing to a strong influence of stochastic fluctuations due to the gas jet. The most interesting insights into the structure of the surface are obtained by analysing the PDFs and the structure functions: for all the parameter sets used in these experiments and presented in figure 3 , the PDFs exhibit fat tails and the scaling of α is nonlinear. These fat tails reveal signs of an intermittent process, while the non-linear structure functions reveal signs of an underlying multifractal process. Both led us to the multifractal analysis, which will be studied in more detail in the next section. . Left: probability distribution function for a given line energy and laser power. The x-axis is in units of the standard deviation and the maximum value on the y-axis is normalized to one. The fat tails are a characteristic feature of a multifractal process. From top to bottom, scales are 1, 10 and 500 measured points. Right: structure function scaling for increasing moments (equation (4)) for a given line energy and laser power: the nonlinear scaling shows a multifractal behaviour for the signal. All the parameter sets studied exhibit the same qualitative behaviour.
Scaling concepts and the multifractal spectrum
A given profile can be considered self-similar with scaling exponent α if its statistical properties are invariant under simultaneous transformation of spatial extension x and height
where b is an arbitrary positive constant and α is a scaling exponent specified in the following paragraph [12] . A usual method to compute α is based on the structure function approach (see equation (4)). In the fractal case, just one exponent is enough to characterize the scaling properties of the surface and this exponent is called Hurst exponent, H ≡ α. The local counterpart of the Hurst exponent is the so-called Hölder exponent. The Hölder exponent α of a function f at a given point x 0 is defined as the largest exponent such that there exists a polynomial of order P n < α(x 0 ) and a constant C which yields |f (x) − P n (x − x 0 )| C |x − x 0 | α(x0) in the neighbourhood of x 0 . While the Hurst exponent gives the scaling of the moments of a self-similar function that has the same α everywhere, the Hölder exponent is its local evaluation, meaning that the signal does not have a uniform distribution of singularities over x anymore. The signal is now multifractal and needs not only one Hurst exponent but a set of Hölder exponents to characterize its singularities, the so-called multifractal spectrum.
One way to interpret the multifractal spectrum in a physical sense is by comparison with the Hölder exponents expected for known signals, for instance, the fractional Brownian motion [12, 13] . The fractional Brownian motion can be classified following the probabilities of its fluctuations: the usual Brownian motion, obtained from the integration of a Gaussian distributed white noise, has the same probability of having positive or negative fluctuations, regardless the sign of the last one-it is known to have α = 0.5. A fractional Brownian motion with α < 0.5 is more likely to have the next fluctuation with opposite sign of the last one-it is said to be antipersistent. Reversely, a fractional Brownian motion with α > 0.5 is more likely to have the next fluctuation with the same sign of the last one-it is said to be persistent. Antipersistent signals have more local fluctuations and seem to be more irregular in small scales. Their variance diverges slower with time than the variance of persistent signals. The latter ones fluctuate on larger scales and seem to be smoother.
Wavelet transform modulus maxima (WTMM)
To obtain the full multifractal spectrum we make use of the wavelet transform. The wavelet family used in this paper were the nth-derivative of Gaussian (DOGn), whose wavelet transform has n vanishing moments and removes polynomial trends of order n − 1 from the signal. Because the scaling properties of the signal are preserved by the wavelet transform, it is possible to obtain its multifractal spectrum using this method. The number of vanishing moments for the wavelet basis (n) is chosen to match the order (n − 1) of the polynomial trends in the signal.
The wavelet transform of a signal y(t) is defined as
where s > 0 is the scale being analysed, ψ is the mother wavelet and N is the number of points in the j direction. In this paper, we used first and second derivative of Gaussians (DOGs) as mother wavelets.
The statistical scaling properties of the singular measures found in time series can be characterized by the singularity spectrum, D(α), of the Hölder exponents, α. One of the best ways to access the singularity spectrum directly from the time series is the WTMM method [4, 5] . The singularity spectrum, D(α), and the Hölder exponents, α, are obtained from the time series by the following equations:
and the summing is over the set of the WT modulus maxima 4 at scale s, {b i (s)}. The singularity spectrum, D(α), and the Hölder exponents, α, are obtained from log-log plots of equations (7) and (8).
Detrended fluctuation analysis (DFA)
A relatively new method to estimate the multifractal spectrum from a time series is the MF-DFA (MF-DFA) [6, 14] . The DFA is based on dividing the data series into N bins of size s and removing polynomial trends of order m from each bin. One has to first calculate the variance in each bin ν
where p m,ν is a polynomial of the mth order fitted to the νth bin. To obtain the fractal properties in the signal one has to evaluate how the average of F 2 scales for different moments q with the bin size s:
If there exists a power law scaling
the signal is fractal or multifractal. In the literature h(q) is sometimes referred to as generalized Hurst exponent, as in the special case q = 2 the scaling exponent is identical to the Hurst exponent. For a monofractal h(q) is independent of q; for a multifractal the scaling will be different for each q. In order to obtain the multifractal spectrum one has to Legendre-transform h(q):
Multifractal analyses
Since the structure function approach does not work for negative moments, we used both the WTMM and DFA techniques to unfold the full multifractal spectrum. All multifractal analyses were carried out within one measurement track. As the multifractal spectra remain quite stable over the tracks, we averaged over ten tracks in order to reduce noise disturbances.
For both methods we analysed the surfaces themselves (and not their integrals). The removal of the constant trends in the signal was performed using the first DOG wavelets for the WTMM method and for the DFA method using zeroth order polynomials. DOG2 and first order polynomials were used to remove first order (linear) trends in the signal, respectively, for the WTMM and DFA methods.
With the WTMM the multifractal spectrum D(α) versus α is obtained from the linear fitting of equations (7) and (8), shown in figure 6 . There are two main constraints to determine D(α) and α: the scaling range and the maximum momentum q. The errors in the multifractal spectrum depend on the width of the scaling range and on the linearity of equations (7) and (8) in that range; but the completeness of the singularity spectrum depends on the maximum momentum q used. In general, the wider the scaling range required, the smaller will be the maximum q momentum for a reasonable linear fitting. Because one is interested to have the best of both, it is necessary to find a reasonable compromise for the application considered.
The DFA procedure extracts the multifractal spectrum from the linear fitting of ln F q against the logarithm of the scale s (see equation (11)). Figure 7 shows a ln F q plot for some moments. The generalized Hurst exponents h(q) are obtained by fitting linear curves to the plots. In general the most reliable fittings are found for the moments around zero. These are also the moments which lie around the maximum of the multifractal spectrum curve. The plots for the moments farther away from zero usually have high fluctuations making a fitting more errorprone. Therefore, the main characteristics obtained from the multifractal spectra are mostly the position of the maximum and the width of the spectrum. While the position of the maximum is an indicator of the kind of fluctuations (persistent or antipersistent), the width of the spectrum measures the multifractality of the set. For monofractals this width is zero.
Results
The first task was to choose an appropriate scaling range for each of the multifractal methods. The scaling regime detected by the WTMM is much smoother and well defined over a longer range of length scales compared with the DFA approach. The latter method sometimes results in strong outliers for very small scales and negative moments. This is caused by good fittings of the polynomial which leaves only points near zero. Mostly this can be avoided by choosing the appropriate fitting range. Both methods converge to straight lines for large scales. For the DFA and WTMM we chose the same fitting range, ln s = [5.0, 6.8] ln µm.
The fitting ranges were chosen to be a compromise for all surfaces surveyed, especially as they were not optimized for every single surface. The results get more pronounced if optimized fitting ranges are used, but in favour of a better comparison between the two methods, we have chosen them equally for both methods and all surfaces.
Some multifractal spectra obtained with both methods are shown in figure 8. In the figure, the laser power is kept constant and the feeding speed is varied. For both methods one can clearly see that for small line energies the whole spectra are shifted towards smaller Hölder exponents and for higher line energies they are shifted towards larger ones. Nevertheless, on comparing both methods clear differences can be seen. The maxima of the WTMM estimated spectra are nearly constantly shifted by about 0.3 towards lower Hölder exponents. Looking at the width of the spectra it can be noted that the DFA estimated ones are about 0.4 Hölder exponents wider thus indicating more multifractality. Differences on the multifractal spectra are expected, as shown by [7] . Both methods indicate most multifractality for high line energies. The spectra dependency with line energy for the WTMM and DFA methods are shown in figure 9 . Both methods show an increase in the central Hölder exponent (the one for q = 0 with the maximum D) towards more persistent behaviour with increasing line energy, for all plots, but for 770 W of DFA, where the tendency is not evident. The most notable difference in the results appears for the spectra width in all laser powers. Furthermore, one can again observe the shift in the Hölder exponents of about 0.3 between the two methods. For both methods the removal of higher order trends results in a shift towards higher Hölder exponents.
In theory one would expect that both methods yield the same results. We checked our implementations with standard examples such as the devil's staircase (a monofractal) or the binomial multiplicative cascade (a multifractal) [12] and found that this is really the case for those analytical examples. Also the fitting ranges are exactly the same and everywhere smooth. For the analysed surfaces this expected coincidence of the results from both methods cannot be found. The linear regions and therefore the fitting ranges differ.
The fact that the multifractal spectra shift towards higher Hölder exponents for higher line energies is consistent with what one observes by visual inspection of the surfaces. For these high energies large patterns evolve as the melt pool becomes larger and the surface tension smoothes the surface before it solidifies. The analogy with the fractional Brownian motion holds in the sense that the standard deviation diverges faster for higher Hölder exponents. This is confirmed by the linear analysis.
Conclusions
Our analysis provided many new insights into the properties of the surfaces created by a LBMA process. We observe a strong influence of linear processes perpendicular to the ablation direction. The overlapping of the ablation tracks manifests clearly in the linear correlation function. In contrast, in the ablation direction nonlinear processes dominate the formation of surface structures. Linear correlation drops very fast and both of our applied nonlinear methods detect a pronounced multifractal spectrum. We also see that the WTMM and DFA, although producing equal results for mathematical systems, give different quantitative results. Nevertheless, qualitatively we obtain the same results with both methods, namely that the persistence of fluctuations in the data series increases with the line energy. However, no conclusion can be drawn on the kind of any possible long range correlation in the data as the difference between the results of the two methods is too large. This could be expected if one recalls the available data length.
The analysis also shows that the line energy which is frequently used by engineers is not a correct ordering parameter, but one has to consider feeding velocity and laser power separately. This is confirmed by the global parameter of the surface roughness as well as by the characteristics of the Hölder exponents. The surface characteristics described by the multifractal measures are in good agreement with the properties that can be observed by visual inspection. They are therefore a suitable tool to translate the surface properties into a mathematical description.
Our results also show that the process is highly anisotropic. We have strong nonlinear influences in the processing direction, while in the transversal direction the process is dominated by linear effects.
